ABSTRACT. The usual "curve-shortening equation" describes the planar motion of a smooth curve that moves in a direction normal to itself with a speed proportional to its local curvature. We present here an analogous theory for the planar motion of a discrete (i.e., piecewise linear) curve. In the discrete case, an arbitrary nonintersecting, closed iV-sided curve shrinks in on itself, and its enclosed area vanishes in a finite time. We conjecture that the discrete curve tends to an equi-angle AT-polygon as it shrinks.
Geometrical models which describe the motion of manifolds (curves and surfaces) in a higher dimensional space have been used successfully in various branches of science [12] . A simple example that has been studied extensively is the so-called curveshortening equation [4, 6, 7] , which describes the planar motion of a smooth curve that moves normal to itself with a speed proportional to its local curvature:
Here r is the position vector of a point on the curve, n is the inward-facing unit normal vector of the curve, and K is its curvature. Two important features of such motion are: (1) that every smooth closed curve shrinks to a point in a finite time; and (2) that the asymptotic shape of such a shrinking curve is always a circle.
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A discrete curve
The purpose of this paper is to formulate a discrete analogue of the curve-shortening equation, and to analyze its behavior. This is one of several discrete models of curveshortening that have been proposed [2, 3, 8, 9, 13, 14] . We discuss some relations between these models at the end of this paper. We begin with a description of a discrete curve, (i.e., a piecewise linear curve) in a plane. The curve consists of N points, connected by straight line-segments ("links"). The position vector of the n-th point is denoted by r n . By definition (Figure 1) , we have Tn+l = r n + In^n
where t n is the unit "tangent" vector and l n is the length of the n-th link. The unit "normal" vector n n is chosen to be a 90° counter-clockwise rotation of t n :
n n • t n = 0.
Each pair of vectors {t n , n n } forms an orthonormal basis for the plane. Thus there exists a set of angles {0 n } (Figure 1 ) such that {t>n+i\ _ ( cos0 n+ i sin0 n+ i\ /t n \ .gv \n n+ iy ^-sin0 n+ i cosO n +i) \n. n ) '
Equation (3) is referred to as the discrete Serret-Frenet equation [5, 11] . ' The discrete Serret-Frenet equation (3) can be rewritten as
n n +i =n n -tan-^t n -tan-yit n+ i.
It is interesting to compare (4) with the Ablowitz-Ladik system for a certain class of integrable differential-difference equations [l, 5] :
Wl f n+1 = zv l,n .+ 0n(*)v2,n + S n i^n+l, ^2,n+l = -V2,n + #n(t)vi,n + T n ty)v\ t n+1-We observe that the discrete Serret-Frenet equation is the Ablowitz-Ladik system at z = 1 with Q n = S n = -Rn = -T n . The corresponding statement for smooth curves is known [10] . We now consider a motion of a discrete curve. Let t denote time. We express the velocity of the n-th point by -JJL = U n n n + W n t n .
Here U n and W n are the n n and t n components of the velocity, respectively. Explicit forms of U n and W n can be chosen to represent a variety of physical or geometrical phenomena. We require the consistency condition imposed on the dynamical variables, (6) where E is the shift operator Efn = /n+l-Applying (6) to (3) and (5), we get where and A is the difference operator
It is worth mentioning that all of the formulae for a smooth curve are recovered in the continuum limit l n -> 0 and 0 n -> 0.
In fact, in the limit (11), eqs. (2), (3), (7)- (9) Here g is the metric related to the length of the link, I, by I = ^fgo with <7 being a time-independent parameter. The discussion so far is general. Next, we propose a specific model which leads to a curve-shortening equation. We assume that the velocity of the n-th particle is determined by
See the Appendix for the derivation. In the continuum limit (11), (5) with (12) yields (1) . Making use of (12) in (8) and (9), we obtain dl n 8 n+ i 0 n 0 n +i cos 9 n+ i 9 n cos6 n ( . dt / n 4.isin0 n+ i / n _isin0 n / n sin0 n+ i /rising dQ n ^n+l -#71 Qn -9n-l dt n n (14) n-1
The model (12) has remarkable features. In what follows, we assume that the discrete curve is closed, and that it does not intersect itself.
Theorem 1. The area S enclosed by the curve satisfies
Proof. The axea S can be expressed as S =-J2r n x r n+1 .
(16)
Making use of (2) and (7), we obtain dS dt
□ Comment 1. It follows that the area enclosed by the curve vanishes in a finite time, and that the time required is proportional to the initial area enclosed. The second equality in (17) is a special case of the Gauss-Bonnet theorem.
The usual (continuous) curve-shortening equation has property (15); the model (12) was chosen in order to maintain this property in the discrete version. This correspondence is discussed in detail in the Appendix. 
The area S can be expressed in two ways as
where So = S(t = 0).
Since the curve is closed, the closing conditions are
For a regular iV-polygon, we have
Equation (13) can be solved explicitly to yield
Now consider small deviations around the regular polygon. Expanding 9 n and l n as Q n = e + 5e n , l n = l + 5l n ,
and inserting these into (13) and (14), we obtain
The discrete Fourier transformations, Moreover, some exact results have been obtained. 
The function V is negative in f2, zero on dQ, and has a unique minimum at P* = (27r/3,27r/3,27r/3). Its time derivative is given by --= --sin 0o sin 0i sin 02 dr 2 (7r-0 2 )(0i-0o)
The right-hand side is negative on Q \ {P*} and zero at P*. Thus V can be considered as a Liapunov function, and therefore, P* is asymptotically stable. □
Theorem 5. An arbitrary parallelogram shrinks to a point in a finite time, and its limiting shape is a rectangle.
Proof. Let a = 1$, b = li, 0 = 0$, and </> = 0i = TT -0o. The evolution equations for the lengths and the angles are given by 
where 9o = 0(T = 0). So 0 -> 0 as r -> oo, and the figure approaches a rectangle as it shrinks. Moreover, from (36a), ^ < 0, so u -fr oo as r -> oo. Thus JB/A = 6/a 7^ 1 as r -> 00. In other words, the limiting figure is not a square. □ Theorem 6. An arbitrary, pairwise symmetric (i.e., with opposite sides parallel and of equal length, as in Figure 2 ), equi-angle hexagon shrinks to a point in a finite time and its limiting shape is a regular hexagon. (1) Suppose a -» 0 and 6, c are finite as S -> 0. But (41) shows that if 0 < a < 6, c, then da/dt > 0, so {a -> 0 with 6, c finite} is impossible.
(2) Suppose a, 6 -> 0 and c remains finite as 5 ->> 0. Thus da/cft and d6/dt should be negative for sufficiently small 5. However, time evolution equations show that (da/dt)(db/dt) < 0. Then this also never happens.
(3) Thus we conclude that a, 6, and c simultaneously become zero as S -> 0. In particular, w ->' oo as S -> 0.
Next we show that a/6, a/c -)► 1 as w -» oo. For this purpose, let us introduce a function,
The function V is zero on 9fl, negative in fi, and has a unique minimum at P* = (1/3,1/3,1/3). Its derivative dV/dw is negative in fi \ {P*} and zero at P*. Thus V is a Liapunov function, and P* is asymptotically stable. □
We conjecture that an arbitrary, pairwise symmetric, equi-angle 2iV-polygon for N > 2 shrinks to a point and its limiting shape is a regular one. The case N = 2 is exceptional.
These properties ensure that the model (12) is appropriate for a discrete curveshortening equation. However, other models for discrete curve-shortening also have been proposed, as we now discuss. The first of these is due to Taylor, who set forth a theory for the motion of curves by crystalline curvature [2, 14] . A similar model was developed independently by Angenent and Gurtin [3] , while Girao and Kohn [8, 9] establish the convergence of a numerical scheme (i.e., discrete in both space and time) for such motions. Their scheme can be compared to Roberts' [13] numerical scheme for the original curve-shortening equation.
Comparing our model (12) with Taylor's [2, 14] , we note that in her model, linesegments translate in their normal directions, keeping their orientations. Her model is simpler than (12) because only l n varies in time, not 9 n .
As we discuss in the Appendix, property (15) is an intrinsic property of the continuous curve-shortening equation, which is inherited by our model (12) . Girao [8] shows that his model acquires this property in the continuum limit. A referee pointed out to us that Taylor's model exhibits this property (15) under some circumstances; whether that is always the case seems to be unknown. (12) In this Appendix we shall derive a discrete curve-shortening equation (5) with (12) from the continuous curve-shortening equation (1) .
Appendix: A derivation of the model
First of all, we note that the equation (1) Equation (46) indicates that a natural discretization of (1) is dr 1 -^ = -(r n+1 -2r n + r n _ 1 ).
(48) at g n To determine g n , we impose the condition (47) which also should hold for discrete curves since it represents a topological property of embedded curves. A little calculation shows that dA _ __ ^-> Z n Z n -isinfl n ( . and the metric is identified as mm-lSinc7 n fKtw 9n = a
This choice of the metric gives a discrete curve-shortening equation (5) with (12) . We remark that g n in (50) consists of geometric quantities associated only with the n-th vertex r n (see Figure 1 ).
